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l. Introduction. By a compactification of a topological space X is 
meant a compact space X* containing a dense subset which is homeomor-
phic to X. A necessary and sufficient condition that a space X have a 
compactification is that X be completely regular, but a completely regular 
space will in general have many topologically different compactifications. 
In this and a succeeding note 1) will be presented three methods of con-
structing all the compactifications of an arbitrary completely regular 
space 2). 
This note presents a quite general method for inducing from a given 
space a second space, a so-called "filter-space", which contains a dense 
subset homeomorphic to the original space 3). These filter-spaces include, 
for a completely regular space, all its compactifications. The final two 
sections provide constructions of the Cech and Alexandroff compactifica-
tions. 
2. Filter-spaces. Let X be a T0-space, and 0 the family of all the 
open subsets of X. Let ~= {V(x)jx EX}, where V(x) denotes the filter 
on X of all the neighborhoods of x(x EX). We shall say that a filter F 
on X is an open filter ifF ('I 0 forms a base of F. Clearly every filter of 
~ is open. Let cp be a collection of filters on X such that (i) every filter 
of cp is open, and (ii) cp :::> ~- For every U E 0, let 
v(U) ={FE cpjU E F}. 
Since v( U) ('I v( V) = v( U ('I V) ( U, V E 0), cp becomes a topological space, 
called a filter-space over X, when the family {v(U)jU E 0} is taken as a 
basis of open sets on cp. 
1) The work reported in these two notes is a part of the author's doctoral thesis 
at the University of Notre Dame. The author wishes to thank Professor KY FAN for 
his guidance and generous assistance in directing this work. 
2) The terminology used in these two notes is mainly that of N. BOURBAKI: 
Topologie Generale, Chaps. I and II (2nd Edition) and Chap. IX, (Hermann & Cie., 
Paris, 1951 and 1948). 
3 ) The filter-spaces are closely related to Myskis' spaces with "boundary". See 
A. D. MYSKIS: "On the concept of boundary"; Matemat. Sbornik, N. S., 25, (67) 
387-414 (1949), Translation No. 51, Am. Math. Soc. (1951). 
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Remarks. (1) The transformation e: X--+~ defined 'by e(x)=V(x) 
is a homeomorphism of X onto ~-
(2) ~ is dense in qJ. 
(3) For every F E qJ and every neighborhood 'fJ of F in qJ there exists 
a set U E 0 such that FE v(U) C 'fJ and qJ-'fJ C ~ -v(U). 
THEOREM 1. A T 0-space X* containing a dense subset X' homeomorphic 
to X is homeomorphic to a filter-space over X if and only if the pair (X*, X') 
satisfies the following condition: (h) for every x* EX* and every open 
neighborhood U* of x* in X* there exists an open neighborhood V* of x* 
in X* such that X*- U* C X'- V*. 
Proof: By remark (3) the condition is necessary. 
To prove it is sufficient, let X* and X' be given which satisfy (h). We 
can assume that X' is X. For every x* EX*, let F(x*)={V* n XJV* a 
neighborhood of x* in X*}. Since X is dense in X*, every F(x*) is an 
open filter on X. Furthermore, if x* EX, F(x*)= V(x*) in the notation 
above. Therefore qJ= {F(x*)/x* EX*} is a filter-space over X. Define a 
transformation f :X*--+ qJ by f(x*)=F(x*). Then f(X*)=qJ and, since 
X* is a T0-space, f is one-to-one. 
Given x6 and a neighborhood v(U) (U E 0) of F(xt) in qJ, there is an 
open neighborhood U* of xt in X* such that U = U* n X. For every 
x* E U*, f(x*) E v(U). Therefore f is continuous. 
Given F(xri) E qJ and an open n~ighborhood : U* of x6 = j-1(F(x6)) in X*, 
let V* be an open neighborhood of x~ in X* such that X*- U* C X- V*; 
then F(x6) Ev(V* n X). For every F(x*) Ev(U* n X), there is a neigh-
borhood W* of x* in X* such that W* n X= V* n X, and hence 
W* n (X-V*)= 0. Consequently x E U*, and j-1 is continuous. 
Remark. (4) Condition (h) implies that V* C U*. 
THEOREM 2. Every regular space containing a dense subset homeo-
morphic to X is homeomorphic to a filter-space over X. 
Proof: Let X* be a regular space which contains a dense subset 
homeomorphic to X. We can assume that this subset is X itself. For 
every point x* of X* and every open neighborhood U* of x* in X* there 
exists an open neighborhood V* of x* in X* such that V* C U*. We wish 
to show that X*- U* E X- V*. 
Let y* EX*- U* C X*- V*, and W* an open neighborhood of y* 
in X*. Since X is dense in X* and (X*- V*) n W* is a non-empty open 
subset of X*, we have (X*- V*) n W* 11 X =1= 0. But X-V* :) X-V*:) 
:) (X*- V*) n X, so (X-V*) n W*=/=0. 
Remark. (5) Regularity is thus sufficient for condition (h), but it 
is not necessary, nor is the Hausdorff separation condition sufficient. 
3. Convergence in filter-spaces. Let qJ be a filter space over a T0-space 
X and e the homeomorphism from X into qJ defined in remark (1). IfF is 
a filter on X, then e(F)= {e(F)/F E F} is a filter-base on qJ. 
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LEMMA l. In the space q;, the filter-base e(F) converges to G E q; if and 
only if F :> G. 
Proof: e(F) converges to~,G if and only if the filter on q; whose base 
is e(F) is stronger than the filter on q; of all the neighborhoods of G in q;. 
For an open filter G this is equivalent to F :>G. 
CoROLLARY. In the space q;, the filter-space e(F) converges to V(x) if 
and only if F converges to x in the space X. 
LEMMA 2. In the space q;, G E q; is an adherent point of the filter-base 
e(F) if and only if every set of G meets every set of F. 
Proof : The condition is equivalent to the existence of a filter on X 
which is stronger than both F and G. The lemma follows from lemma l. 
CoROLLARY. In the space q;, V(x) is an adherent point of the filter-base 
e(F) if and only if x is an adherent point of F in the space X. 
In the following if> denotes an open filter on q;. Clearly 
e-l(if>) = {e-t(n)ln e if>} 
is an open filter on X. 
LEMMA 3. In the space q;, G E q; is an adherent point of if> if and only 
if every set of G meets every set of e-1(if>). 
Proof: The condition is equivalent to the existence of a filter F on 
X stronger than both G and e-1(if>), and, since G is an open filter, this is 
equivalent to the condition that the filter on q; whose base is e(F) be 
stronger than both if> and the filter on q; of all the neighborhoods of Gin q;. 
CoROLLARY. In the space q;, V(x) is an adherent point of the open filter 
if> if and only if x is an adherent point of e-1(if>) in the space X. 
4. Compactness of filter-spaces. We recall that an absolutely closed 
space X is a Hausdorff space with the property that every open filter 
on X has an adherent point. It is well-known that an absolutely closed 
regular space is compact. 
THEOREM 3. A filter-space q; over a completely regular space X is 
compact if and only if q; is a regular space and every ultrafilter on X is 
stronger than at least one filter of q;. 
Proof: Let q; be a filter-space satisfying the above condition. Let if> 
be an open filter on q;, and U an ultrafilter on X stronger than e-1(if>). 
Let FE q; be weaker than U. By lemma 3, F is an adherent point of if>. 
Thus q; is absolutely closed, and, since it is a regular space, it is compact. 
Conversely, if q; is compact and U is an ultrafilter on X, then the filter-
base e(U) on q; has an adherent ·point, say F E q;. By lemma 2, F must be 
weaker than U. 
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5. Completely regular filters. Following BouRBAKI 4), a filter F on a 
completely regular space X is said to be a completely regular filter if, for 
every FE F, there exists a G E F and a continuous transformation f 
from X into the unit interval I= {t realjO<:t< 1} such that G C F, f(G)= 0, 
and f(X- F)= 1. A completely regular filter on X weaker than no other 
completely regular filter on X is called a maximal completely regular filter 
on X. 
We need the following result of BoURBAKI 4). 
THEOREM 4. A completely regular filter F on a completely regular 
space X is a maximal completely regular filter on X if and only if for every 
pair A, B of open sets of X and continuous function f from X into I which 
satisfy the conditions A C B, f(A) = 0, and f(X- B)= 1, then either B E F 
or F has a set which does not meet A. 
The following two lemmas are obvious. 
LEMMA 4. If X is a completely regular space, then V(x) is a maximal 
completely regular filter on X, for every x E X. 
LEMMA 5. If a filter-space rp over a completely regular space X is a 
completely regular space, then every filter of rp is a completely regular filter. 
LEMMA 6. Every ultrafilter on a completely regular space X is stronger 
than a maximal completely regular filter on X. 
Proof: Let U be an ultrafilter on X. Then there is a completely 
regular filter M on X which is stronger than every completely regular 
filter on X weaker than U. Suppose that M is not a maximal completely 
regular filter on X. Then by Theorem 4 there exists open sets A and B 
of X and a continuous function f from X into I such that A C B, f(A)=O, 
f(X- B) = 1, B ¢ M, and every set of M meets A. Let F be the filter on X 
with base 
B={B(t)j0<t<1}, 
where B(t)={x EXjf(x)<t}. Then F is a completely regular filter on X, 
and BE F, so F is not weaker than U. Let t0 be such that B(t0 } ¢ U. Then 
X- B(t0 ) E U. Let G be the filter on X with base 
C= {O(t)j0<t<t0}, 
where O(t) = {x E Xjf(x) > t}. G is a completely regular filter, and, since 
O(t)-:JX-B(t0 ) (0<t<t0}, GCU. Hence GCM. But O(t0J2) EG which 
does not meet A. This is a contradiction. 
THEOREM 3A. A filter-space rp over a completely regular space X is 
compact if and only if rp is a regular space and every maximal completely 
regular filter on X is stronger than at least one filter of rp. 
Proof: Follows from theorem 3 and lemma 6. 
Remark. (6) A filter-space rp over X each of whose points is a 
4) N. BouRBAKI, op. cit., Chap. IX, p. 15. 
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completely regular filter on X may be absolutely closed and yet not a 
regular space. For example, let I 2 =I x I, 
Fm={(n~' ~) E I 2ln= 1, 2, ... , m} (m= 1, 2, 3, ... ) 
00 
and F= U Fm. LetX=I2 -Fwith the usual topology. Form=1, 2, 3, ... , 
m=l 
let Fm denote the filter on X with base Bm={Sm(r)IO<r<1} where 
Sm(r) = .. 91 {(s, t) E Xl(s-n~Y + (t- ~y < r 2}. 
Finally, let cp=~ U {Fmlm=1, 2, 3, ... }, where ~={V(x)lx EX}. Then cp 
is a Hausforff space but not a regular space. If l/J is an open filter on rp, 
then e-1(l/J), regarded as a filter-base on I 2, has an adherent point (s0 , t0) 
in I 2• If (s0, t0) EX, then V(s0, t0) is an adherent point of l/J. If (s0 , t0} E F m• 
then Fm is an adherent point of l/J. Thus cp is absolutely closed. 
6. A theorem on extension of functions. 
THEOREM 5. Let X* be a completely regular space and X a dense subset 
of X*. Every bounded real-valued continuous function on X has a continuou8 
extension over X* if and only if, for every x* EX*, the trace on X of the 
filter of all neighborhoods of x* in X* is a maximal completely regular filter 
on X. 
Proof: Let f be a bounded real-valued continuous function on X. 
We can assume that the range off lies in I. Let xri EX* and let V(xri) 
denote the trace on X of the filter of all neighborhoods of xri in X*. For 
0<t<1, let A(t)={x EXif(x)<t}. If V(xri) is a maximal completely 
regular filter on X, then by theorem 4, for every O<t' <t< 1, either 
A(t) E V(xri) or V(xri) has a set which does not meet A(t'). There are three 
possibilities: (i) A(t) EV(xri) for every O<t<l. Then lim f(x)=O, 
ZEX, Z-+Xo* 
(ii) A(t) EV(xri) for no O<t<l. Then lim f(x}=l. (iii) There is a 
a:EX.~.:,*l 
0<t0 < 1 such that A(t) E V(xri) for all t>t0 and A(t) ¢ V(x*) for all t<t0 • 
Then lim f(x) = t0• In any case f has a continuous extension over X* 5). 
::tEX,z-+-zo*; 
Conversely, assume that every bounded real-valued continuous function 
on X has a continuous extension over X*. Let open sets A and B of X 
and continuous function f from X into I be such that A CB, f(A)=O, 
and f(X- B)= 1. Let f* be the continuous extension of f over X*, and 
A* an open set of X* such that A* 11 X=A. Then A* CA, so f*(A*)=O. 
Let B* be the set of all points of X* which have a neigborhood in X* 
whose intersection with X lies in B. Then B* is open in X*, B* 11 X= B, 
B*"JA*, and X*-B*CX-B, so f*(X*-B*)=l. By lemma 4 and 
theorem 4 either (i) B* is a neighborhood of x6 or (ii) xri has a neighborhood 
6) N. BOURBAKI, op. cit., Chap. I, p. 55. 
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N* in X* which does not meet A*. Consequently either (i) B = B* r. X EV(x6') 
or (ii) N* r. X E V(x~) and (N* r. X) r. A= 0. Therefore, by theorem 4, 
V(xri) is a maximal completely regular filter. 
7. The Oech compactification. The Oech compactification X& of a 
completely regular space X is a compact space containing a dense subset 
X' homeomorphic to X such that every bounded real-valued continuous 
function on X' has a continuous extension over X&. 
THEOREM 6. If X is a completely regular space, the filter-space era over 
X of all the maximal completely regular filters on X is the Oech compacti-
fication of X. 
Proof: By lemma 4, fPc is a filter-space over X. By theorems 5 and 
3A we need only show that fPc is a regular space. 
Given FE fPc and a neighborhood v(U) (U E 0) ofF in fPo, there are 
an open set V of F and a continuous function f from X into I such that 
VCU, f(V}=O, and f(X-V}=l. By Theorem 4, v(V)Cv(U). 
8. The Alexandroff compactification. The Alexandroff compactification 
X~ of a locally compact but not compact space X is a compact space 
containing a dense subset X' homeomorphic to X such that X~-X' 
contains exactly one point. 
THEOREM 7. If X is a locally compact but not compact space, then the 
Alexandroff compactification of X is f{J .A=~ U {F0}, where ~ = {V(x) Jx EX} 
and F0 ={FCX/X-F is compact}. 
Proof: Let U be any ultrafilter on X which does not converge on X, 
and C a compact subset of X. IfC E U, then the family U' = {U r. C/U EU} 
is an ultrafilter on C, and the adherent point of U' on C is an adherent 
point of U on X. Hence C ¢ U, and so X-C E U. Therefore U :::> F0• 
Since the space ff!.A is regular, by theorem 3, fP is compact. 
Added in proof: The author wishes to thank Professor FREUD:ilNTHAL for calling 
his attention to the papers "th>er die Erweiterungen topologischer Raume" by 
G. NoBELING and H. BAUER; Math. Annalen, 130, 20-45 (1955) and "On lattices 
of functions on topological spaces" by J. NAGATA; Osaka Math. Journ., 1, 
166-181 (1949). 
(To be continued) 
